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We investigate the viscous instability of a miscible displacement process in a rectilinear geometry, when
the viscosity contrast is controlled by two quantities which diffuse at different rates. The analysis is
applicable to displacement in a porous medium with two dissolved species, or to displacement in a
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1. Introduction

The instabilities which occur when a fluid of high mobility
displaces a fluid of low mobility represent a classic fundamental
problem in fluid mechanics with important practical applications
(see, for example, the review by Homsy [1]). Such instabilities oc-
cur under a variety of conditions, of which the simplest and most
paradigmatic is flow in a homogeneous porous medium or the
closely analogous system of a Hele-Shaw cell [2]. This problem is
relevant to many industrial processes, in which instability and the
subsequent fingering of one fluid into the other are typically un-
desirable effects, and considerable ingenuity has been devoted to
eliminating them. In particular, efforts are often made to reduce
the mobility of the displacing fluid below that of the fluid that it
is displacing, by modifying either its temperature or its chemical
composition. In nature, too, fingering instabilities may be relevant
in controlling the mixing of fluids in porous rocks, and thus may
affect the geochemical processes which take place and the conse-
quent evolution of formations such as aquifers and oil reservoirs.

The earliest studies of viscous fingering (e.g. that by Saffman
and Taylor [2]) considered immiscible displacements, where the
displacing and displaced fluids are separated by a sharp interface;
in practice capillary forces often act on this interface and provide
an important stabilising mechanism. Immiscible viscous fingering
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is relevant to the economically important process of enhanced oil
recovery, in which oil is displaced from a porous medium by wa-
ter that has been made more viscous by the addition of dissolved
polymers [3,4]. In some other contexts, however, there is not a
sharp interface between the displaced and displacing fluids. For
example, in both freshwater aquifers and geothermal reservoirs,
resident water may be displaced by injected or otherwise invading
water carrying different dissolved species. (The viscosity of water
can be significantly affected just by the concentration of common
salts in solution. For example, seawater at a salinity of 35 and tem-
perature of 25° is around 9% more viscous than pure water at the
same temperature: see [5], §§6-182 and 14-15.) As the manage-
ment of these resources becomes more important, it is likely that
techniques developed in the oil industry will have to be applied,
for example to extract fresh water rapidly from an aquifer or to
drive incompatible invading water from a geothermal system be-
fore scaling can occur. Flows which are in some respects similar
occur when warm (and thus less viscous) fluid displaces colder and
more viscous fluid, for example as fresh magma invades a dyke. In
all these contexts, the essential destabilising mechanisms leading
to viscous fingering are the same as in immiscible fingering, but a
key stabilising mechanism is the thermal or molecular diffusion of
the fluid properties which control viscosity. The present study is
therefore concerned with miscible displacements.

Most studies of miscible displacement have assumed that the
viscosity contrast between the displaced and the displacing fluids
is entirely controlled either by the presence of a single dissolved
species or by the temperature of the fluid. However, in many con-
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texts — for example, in the recharge of geothermal reservoirs [6]
— the resident and injected fluids differ both in temperature and
in composition: heat and solutes dissolve at different rates, and so
the exchange of properties between them cannot be described in
terms of a single diffusing quantity. Similar double-diffusive effects
may occur when injected water is made more viscous by dissolving
long-chain polymers in it (see e.g. [3,4]). Large polymer molecules
have a substantially lower molecular diffusivity than other dis-
solved species (such as salts) which also affect the relative proper-
ties of the ambient and injectate, so in this situation too the effects
of double diffusivity must be considered. The known complexity
of gravitationally unstable displacements in double-diffusive and
reactive-diffusive systems [7-9] suggests that these effects may
not be simple to identify or to analyse. The object of the present
study is to provide some insight into these effects by investigating
the fundamental mechanisms of double-diffusive viscous fingering.

In a previous study [10], we investigated viscous fingering on a
radially spreading displacement front in a porous medium, where
both thermal and solutal components contributed to the viscos-
ity contrast. In a porous medium, thermal signals are advected
more slowly than the fluid because heat must be shared between
the fluid and the porous matrix: the system is therefore ‘double-
advective’ as well as double-diffusive [11], and spatially separated
thermal and compositional fronts develop. The separation between
these fronts controls how strongly they can stabilise or desta-
bilise each other. By contrast, displacement processes in a well-
insulated Hele-Shaw cell are ‘iso-advective’ and double-diffusive,
and when the viscosity contrast depends on two differently dif-
fusing dissolved species, the transport even in a porous medium
becomes iso-advective. In this study, we therefore consider only
iso-advective displacements: for simplicity, we phrase our discus-
sion in terms of a displacement in a Hele-Shaw cell with a thermal
and a compositional contrast, but we bear in mind that our results
can be applied more generally.

A comment should be made about the validity of the Hele-Shaw
flow model and its relevance as an analogue for porous media.
It is key to the model that the spatial scale of all flow features
is much greater than the gap width b of the Hele-Shaw cell, and
that the Peclet number defined in terms of the gap width, the dis-
placement velocity and the solutal concentration is not large. If
these criteria are not satisfied then the flow becomes fully three-
dimensional [12] and the gap-averaged equations defined below
are no longer valid: the three-dimensional Stokes equations must
be considered instead, leading to significantly different stability re-
sults [13]. Our analysis below will generally deal with relatively
large length- and time-scales so this restriction is not crucial, but
it should be borne in mind throughout.

A further difference between the present study and the ear-
lier study by Pritchard [10] is that we consider a rectilinear rather
than a radial displacement process. The radial geometry is partic-
ularly convenient from a mathematical perspective, since both the
radius of the front and its streamwise width grow as t!/2: it is
therefore possible to eliminate the time-dependency of the basic
state by transforming to similarity variables (see e.g. [14]). In other
geometries, this mathematical coincidence does not occur, and it
is necessary to investigate the stability of a basic state which is
evolving as the perturbation develops. (Note that this issue does
not arise in some analogous problems, such as reaction-diffusion
systems, where a steadily translating base state is available [8].)
The standard approach is to ‘freeze’ time at some instant, and con-
sider perturbations to the quasi-steady state at that instant (see
e.g. [15]). However, Ben, Demekhin and Chang [16] have recently
argued that this approach is not justified because — especially at
early times — the perturbations grow on timescales comparable to
the timescale over which the basic state changes. Ben et al. devel-
oped a spectral method which could be used to obtain asymptotic

results for the stability of long-wave perturbations, and we will
adapt their method here. We consider rectilinear displacements,
which are the simplest non-degenerate geometry available, and we
believe that the insight obtained here may be more widely appli-
cable.

This study is structured as follows. In Section 2 we formulate
the governing equations. In Section 3 we carry out a linear sta-
bility analysis; we then develop asymptotic results for the growth
rate of perturbations in two limits: that of long waves at interme-
diate times (Section 4) and that of long times (Section 5). Finally,
in Section 6 we summarise our findings and their implications.
Before proceeding, however, it is helpful to develop some simple
hypotheses about the stability of the front, which will give us a
baseline against which to compare our analysis.

1.1. Some heuristic criteria for instability

When double-diffusive viscous fingering occurs during a ra-
dial displacement, there are at least some cases in which a sta-
bilising thermal gradient can stabilise an unstable concentration
gradient [10]. It is not clear that this will be true for fingering
of a rectilinear flow: the wavenumbers m are not restricted in
this case to be integers, so in principle, instability at any m > 0
will be enough to trigger fingering. (It is generally found in sta-
bility analyses of viscous fingering that perturbations with very
low wavenumbers are marginally unstable: this will be discussed
further when we consider the spectral decomposition of perturba-
tions in the streamwise direction.)

The most interesting situations occur when the temperature
and compositional differences across the front contribute in differ-
ent senses to the overall viscosity contrast, so one tends to stabilise
and one to destabilise the front. The question is then whether
the stabilising component can ever completely stabilise the front.
Physical and heuristic reasoning supplies three arguments which
predict substantially different results.

(i) If solute and temperature diffuse at different rates, the fates of
the two fields may become decoupled. This should mean that
if either component promotes fingering then fingering will oc-
cur.

(ii) For the single-species problem, in the long-wave limit the
growth rates are the same as in the immiscible case [16,1].
This suggests that for the two-species problem it should be
the aggregate viscosity contrast which controls at least the
marginal instability of the front.

(iii) It is also intuitively plausible that instability will occur if any
part of the front is potentially unstable. In other words, if the
global viscosity contrast across the front is stable but the vis-
cosity profile is not monotonic, there will be a region within
the front where less viscous fluid is displacing more viscous
fluid, and instability may be expected. This agrees with some
previous results [17,18] for single-species fingering where the
viscosity—concentration relation is non-monotonic.

We will return later to these arguments, and to the analogy
with single-species fingering, in the light of our stability analysis.

2. Governing equations

We will present governing equations for flow in a Hele-Shaw
cell with a temperature and a compositional contrast between the
injected and ambient fluids: these equations are identical to those
for the transport of two differently diffusing solutes in a porous
medium, to within the limitations of the model as noted above.
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We consider a Hele-Shaw cell with gap width b; fluid is driven
through it in the X-direction at a constant displacement velocity
1. The continuity and Darcy equations are

=0 and a=-—-Vp, (1)
1}

where K = b2 /12 is the effective permeability of the Hele-Shaw
cell, and where the viscosity [ depends both on the temperature
T and the concentration C of some solute. The transport equations
for T and C are

. o n C . aa . oaoa
=krV?T and i + (- V)C =kcV3C. (2)
The (idealised) boundary conditions can be expressed as
PN PO op (Lol N
T— Ty, C—Co and —?—)—MOAO as X - —oo; 3)
0x K
A oA A oa ap (111 N
T—-T;, C—C; and _{)_)_,u]Auo as X — oo. (4)
ax K

(The subscript 0 denotes a downstream and the subscript 1 an up-
stream quantity.) Following previous studies from [15] onward, we
take the viscosity to be given by

o= foexp[Br(T — To) + Bc (C — Co)]. (5)

To non-dimensionalise, we define

N (R e’ (xy:(fcﬁo yao)
fl — fo ' C1 C ' ' ke’ ke )
1 tai2 K

u:Au, =-0% and :ApA. (6)
Up Kc Mokc

The viscosity equation becomes
[ = flou(T,C), where pu(T, C) = ePrT+pcC
and Br =Br(T1 —To), Bc=Bc(C1— Co). (7)

and we note that the signs of Bc and Br are not necessarily the
same as those of ,Bc and ,BT
The governing equations become

1

V.u=0 and u=-——Vp, (8)
"

oT , ac ,

ST VIT=1eV?T and o=+ (u-V)C=V2C, 9)

where the Lewis number Le = k7 /k¢. If we take T and C to refer
literally to heat and solute concentration, we expect that Le > 1;
however, if we allow them to refer to concentrations of two dis-
solved species, we could have a much wider range of values. With-
out loss of generality, we will take ‘temperature’ to refer to the
more rapidly diffusing field, and consider Le > 1.

Finally, the boundary conditions become

d
T—0, C—0 and a—p—>—1 as X — —o0; (10)
X
p Br+p
T—1, C—1 and 3——>—e7 C as x — oo. (11)
X

3. Linear stability analysis

We will seek perturbations to a basic state in which the dis-
placement front is uniform in the y-direction, and widens dif-
fusively in the x-direction. It is useful to define the moving co-
ordinate X =x —t and the self-similar variable & = X/+/4t; we
may then write the basic state as

_1.1 LT &
C(X, )= + - erf(§) and Tb(X,t)—2+2erf(\/L_e). (12)

The total viscosity contrast across the front is given by g = 1+
Bc. However, if sign(B7) # sign(Bc), the gradient may not have
the same sign as 8 everywhere. By symmetry, we know that the
maximum ‘contrary’ gradient must occur at & = 0. We have

d(log up) _ P + Br/+le (13)
& o JT
so the viscosity gradient will be non-monotonic if
(ﬂc+/3r)</3c+ﬁ—T> <0, ie 1 P e (14)
JLe Bc

This is of interest because Manickam and Homsy [18] found that
instability occurred whenever the viscosity profile in their system
was non-monotonic, although it sometimes occurred only after a
finite ‘waiting time’. We will compare this criterion with our re-
sults below.

We seek perturbations to the basic state, writing

u=1+€U(X,0)e™,  v=eVi(X,t)em,

p = pp(X,t) +eP1(X, )™, (15)
T =Ty(X,t) +€T1(X,)e™, and
C=Cp(X,t) +€Cr(X,)e™, (16)

where 0 < € < 1. A little manipulation yields the perturbation
equations

T g, T o PT ey
e X 3X2 b
aCq aCy 92Cy
— +U; =— —m?Cy 17
ot TUIx T axe (7
and
32Uy Ty aCp\ U
— —|— —m?u

X2 (ﬂr +hc ) X 1

=m?(BcCr + BrT1). (18)

Substituting in the expressions

9 1 00 e aT, e/

= e = = and — = ——+——, 19

aX  Jm X 2 mt X 24w let (19)
the perturbation equations become
M, et Ur=1e 0 pem2r

o 2Jmlet | ox2 b

2

ac; e 2C1
—+—U;=— —m“C 20
o +2 —U1=730 1 (20)
and
82U " </3 e§%/1Le +B o8 )8U1 m2U

ax?2 Tovmtet  "C2vme) ox !

=m?(BcCi + BrTh). (1)

We now transform the independent variables to (&,t), defin-
ing the rescaled perturbation quantities y = 24/mwtC; and 6 =

2+/m Let Tq, to obtain

00
ta—_ﬁe m?Leto — _SZ/LetUL where

1 9% 1.0 1
Lr=(-le— +-E—+=), 22
T <4eagz+2éag+2> (22)
d
ta—)t( =Lch—m t@—e_s tUy, where
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co (3 e ). )
82U4 e ¢7/Le Wi
e
_ Zﬁrmzfg 2/3cm2\/_x (24)
7 Le JT
The boundary conditions that the perturbations must satisfy are
6—>0, x—0 and Uy —>0 asé&— Foo. (25)

3.1. Spectral decomposition method

Ben, Demekhin and Chang [16] developed a spectral approach
to miscible fingering when only a single diffusing species needs
to be considered. The key to this method (see also [19], §8.3), is
to consider the behaviour of perturbations in the long-wave limit
m=0. In this limit, U; = 0 is the only solution satisfying the
boundary conditions (25), and the evolution equations for 6 and
X reduce to
tg—f =Lr0 and l’aa—); =Lch, (26)
with solutions which can be expressed in terms of the eigen-
functions of the operators £ and L¢: these solutions essentially
represent how a perturbation is damped by streamwise diffusion
alone. The eigenfunctions of L¢ are ¢,(&) = Hy (§)e‘52 with eigen-
values 0, = —n/2 for n=20,1,2..., where H, are the Hermite
polynomials. The corresponding eigenfunctions of Lr are therefore
Y = Hn (& /v/Ie)e~¢°/L¢ with the same eigenvalues.

The crucial point is that the operators £1 and L¢ have discrete
eigenspectra, and the only non-negative eigenvalue in each case is
zero, so the only streamwise mode which does not decay under
streamwise diffusion is the zero eigenfunction. (It can be shown
that this zero eigenfunction corresponds to an infinitesimal change
in the spatial origin of the basic solution: see [19], §8.3.) There-
fore, at least for small positive values of the wavenumber m, we
expect that the streamwise structure of the perturbation will con-
tinue to be dominated by the zero modes ¢¢(&) and ¥ (§), at least
after an initial decay time of order 1. Hence to investigate possible
instabilities of the system it should be sufficient to consider only
the projection of the perturbation equations (22)-(24) onto these
dominant modes. We may carry out such a projection using the
inner products

(f®).= 1n /f(s)ds and
1 oo
r®) == / f&)de, (27)

so that (Ym)1 = don = (¢n)c
Substituting in the approximations x ~ A(t)¢o(§) and 6 ~
B(t)¥o(&) and taking the appropriate inner products, we obtain

dA

— 2 —&2

—=—-m‘A—(e ° U and

dt ( 1>C

dB 2

= —m?LeB — (e 5"/*Uy),, (28)

while the equation which governs U; becomes

82U]+< egﬂe pes EZ)aul—4tmu
ez T\ A Y !
2
_ 2Pcm “[A() —g , 2prm \/_B(t)e’éz/Le. (29)

JT JLe

The explicit dependence of Eq. (29) on t, as well as the &-
dependence of the left-hand side, means that we are unable to
obtain an explicit solution to the perturbation problem in general.
Following [16] we can, however, obtain asymptotic solutions which
are valid, effectively, at intermediate and at late times, and from
them we can obtain some insight into the general behaviour of
the system.

4. Long-wave, intermediate-time asymptotics

Since the growth rate of perturbations reduces to zero at zero
wavenumber and must be negative for very large wavenumbers
due to transverse diffusion, it is natural to examine the regime
0 <m <« 1 for evidence of (marginal) instability. In the following
analysis we will do this while considering times t = O(1); this lat-
ter criterion ensures that higher streamwise modes present in the
initial condition have decayed, leaving the perturbation dominated
by ¢o(&) and (&) as required by (29).

Following [16], we also assume that |Br| and |Bc| are suffi-
ciently small that we may neglect the terms proportional to them
on the left-hand side of (29). Appendix A demonstrates that this
is legitimate, and that for small viscosity contrasts the corrections
are of order (|B¢c|+ |B7])3. We then obtain

92U 2
8&2] — 4tm2U4 ~ le_JA(t) & 4 ’i;:_‘[s(t)e £ /Le
(30)
with solution
Uq(E,t) = %memﬁ& [ﬁCA(t)emzf(erf(s +myt)—1)
+ ﬁTB(t)emzL”<erf<% + m«/Let) - 1):
me—2mV [ﬂcA(t)emzf(erf(g —mvt) +1)
+ ﬁTB(t)emzL”<erf<% -m Let) + 1):
O((1c| + 1B11)°). (31)

Expanding this for m « 1, we have
1
Ur(E.t) ~ —Em(ﬂcf\(t) + BrB(1))

m? 2
m- &
+ 7 [A(t)ﬂc (e7% Vi + Vrtgerf(£))

+ BBy (eféz/“\/m + VT erf(%))]. (32)

We may therefore evaluate the inner products approximately as

2
(Urdo)c ~ (—’Z—Cm 2 ﬂcm2>A(t)
T
+<—’3—m+ﬁ1f 1+le 2>B(t) (33)

and

1+L
(Ur o) (ﬂcJ Irene ﬂc )A(r)

2Let 2 Br
+ ( TﬁT - 7m>B(t) (34)
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Substituting these into Eqs. (28), we obtain the amplitude evolu-
tion equations

d /A E11 E12 A
E(B)‘(En Ezz>'<3>’ G5)

where the components of the matrix E are given by

|2t
E1q =—m2+%m— —ﬁcmzy

14 Le
Elz—ﬁ—m Brvt m?,

1+Le
521—ﬁ—m Be't m2,

2Let
Exp=-m?Lle+ ’32—Tm —‘/Tﬂrmz. (36)

The eigenvalues of E, and thus the growth rates of perturba-
tions, are given by

ot = —(En +En)+ - [(En — E22)? +4E12Ex ] 2, (37)

The structure of the corresponding perturbations is given by the
ratio of the solutal to the thermal perturbation amplitude,

BY _Exn—-Enx V(Ent — Exy)? +4E12Exn (38)
Al 2E12 :

4.1. Reduction to the single-species case

For the particular case Br =0, the problem reduces to that of
single-species miscible fingering, as considered by [16]. The pre-
dicted asymptotic growth rate at early times is then equal to Eqj.
This has the same form as the growth rate predicted by Ben et al.’s
analysis (their Eq. (45)), but it differs by a factor of /7 in the fi-
nal term. This appears to be due to an algebraic error in Eq. (33)
of the earlier paper, where a spurious factor of e~¢ * is introduced.

It is interesting to note that in dimensional terms, the growth
rate of perturbations for disturbances of long wavelength scales as

1
G~ —ﬁ”[ﬂglog<m>
2 “o
O((Ml Mo) > (39)
o

M —fo

1+ fo
so for small viscosity contrasts the predicted growth rate is iden-
tical to the classic result of Saffman and Taylor [2] for immiscible
fingering. Ben et al. describe this as a ‘fortuitous coincidence, since
the omission of higher streamwise eigenfunctions is only possible
in the presence of diffusion’. The ‘coincidence’ may be because in
this limit the front is sharp relative to the perturbation length-
scale m~!, and so can be approximated as the perfectly sharp
interface assumed in [2]; similarly, the perturbations ¢o(£) and
Yo(&) correspond to infinitesimal advances or retardations of the
front, which were the perturbations treated in the original anal-
ysis. We note, though, that the predictions of the current model
deviate from those of Saffman and Taylor [2] at higher order in m
as the dependence of E on t becomes apparent.

lig

§>

4.2. Properties of the eigenvalues o+

We are in general interested in the behaviour of the growth
rates o4 in the regime m « 1. A first question which arises is
whether complex values of o are possible in this regime, giv-
ing an oscillatory instability (cf. [10], §5.3.2). The discriminant of
o+ is given by

1
(E11 — Ex)? +4E12E = Z(ﬂc + Br)’m? +O(m?), (40)

so for sufficiently small m, the eigenvalues o are real and there
is no reason to expect oscillatory instabilities.

To investigate the long-wave limit, it is instructive to expand
oy in powers of m. We find that

1/2
UiZﬂC:ﬂTmi}l[(ﬂC'f'ﬂT)z} m+ O(m?) (41)
e Z Pr (1+sgn(Bc + Br))m. (42)

This means that, if the total mobility contrast Biot = B¢ + B > 0,
we have o4 ~ %ﬁtotm and o_ = O(m?), whereas if By < 0, we
have 0. = O(m?) and o_ ~ ] Biom.

In the regime 0 < Byt < 1, then, the front is unstable in the
long-wave limit regardless of how the total mobility contrast Biot
is made up. In the case B¢ < 0, we need to consider terms of
order m?. Carrying out the expansion, we obtain, for Syt < 0,

ﬁTjﬂ [ﬂT+Leﬂc+ﬁrﬁc\/7( ++Le—/2(1+Le) )]
+0(m?). (43)

A long-wave instability will therefore occur if the quantity in
square brackets is positive, i.e.

Br +Le Bc +ﬁT,3C\/>(1 +VIle—2(1+Le)) > (44)

The quantity in round brackets is negative for all Le > 1. We
rewrite the instability condition as

Br +Le Bc > ﬂrﬂcf(1/2(1 +Le) — 1 —+/Le); (45)

If Bc <0 and Br < 0, the condition is trivially not satisfied since
the LHS < 0 while the RHS > 0. If 878¢ < 0 (i.e. exactly one com-
ponent is destabilising), the instability condition becomes
1 Le
+

2t
%5 <\/;(\/2(1+Le)—1—«/L—e). (46)

This implies that if 1/8¢ + Le/Br < 0, the front becomes unstable
immediately; while if 1/8¢ + Le/Br > 0, the front becomes unsta-
ble only after a time t. which is given by

7T (Br + Le c)?
2B2B2(V2(0+1Le) — 1 — +/Le)?

This is reminiscent of the critical time required for a diffusively
spreading thermal front in a porous medium to become gravita-
tionally unstable: compare, for example, [20] or [21]. It is also
reminiscent of the destabilisation of initially stable displacement
processes with non-monotonic viscosity profiles predicted by [22]
and by [18].

It is important to note that although the analysis we have pre-
sented shows that the front cannot become unstable before some
critical time, we have not formally shown that such a critical time
exists. This is because the critical time predicted by (47) is of or-
der |BrBc|™! > 1, and we have previously assumed that t = O(1).
However, the result is at least suggestive. (Note that we have re-
tained terms of order |87 Bc| in the expansion: as long as |B¢| and
|Br| are of comparable magnitude the retention of these terms is
legitimate since the small-viscosity contrast approximation is valid
to second order in |B¢| + |Br|: see Appendix A for details.)

Fig. 1 summarises the stability behaviour of the front as pre-
dicted by our analysis. It is instructive to compare the criteria
obtained above with one of our heuristic arguments for the sta-
bility criterion, which is that instability should occur when the
viscosity profile has an increasing region somewhere [18]. We re-
call that this occurs if 1 < —B7/Bc < +/Le: this boundary is plotted

o4 =

(47)

Lerit =
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pr=—pg_pr-vIebo Pr
[ ] Regime (a)

[[] Regime (b)
Regime (¢)

>\\

fAr=—LefBc .

Fig. 1. Schematic showing the predicted stable and unstable regions of the (8¢, Br)
plane for Le > 1, myt < 1 and |Bc|, |Br| < 1. The dashed line represents
Br + Bc =0; the solid line represents Sr + Le Bc = 0. The dotted line represents
Br ++/Le fc =0, i.e. the cases where an inflection point occurs in the viscosity pro-
file. In regime (a) (white), the front remains stable for all time. In regime (b) (gray),
the front becomes unstable immediately. In regime (c) (hatched), the front is stable
at t =0 but may become unstable as it spreads.

as the dotted line in Fig. 1, and we note that it does not provide a
good guide to the stability of the front.

4.3. Discussion and interpretation

In the limit m — 0, the eigenvector corresponding to o is
given by

(E) _Br=peVBetp? o0 48)
A), 281

If Bc + Br > 0, then this simplifies to

B
(2) - )

so the fastest-growing mode is a ‘sinuous’ perturbation (cf. [23];
[10], §3), with the temperature and concentration fields perturbed
in the same sense. Note that in this regime, we can see from (32)
that the velocity perturbation U; is of order m in amplitude.

If Bc + Br <0, the eigenvector simplifies to

(E) . _bc (50)
A + ﬁT

When B¢/Br < 0, so one component is destabilising, the dominant
mode is again sinuous, although it is now ‘lopsided’, with one field
perturbed more strongly than the other. From (32), we see that
in this regime the velocity perturbation U; is of order m? in am-
plitude, significantly weaker than in the regime B¢ + Br > 0. (In
the double-stabilised regime B¢ < 0 and Br < 0, the most slowly-
decaying mode is varicose, with the perturbations to temperature
and concentration opposing each other and thus reducing the dy-
namic stabilisation of the perturbation through the Saffman-Taylor
mechanism.)

We can now relate the findings of our analysis to the heuris-
tic arguments proposed in Section 1.1. The argument (ii), that in
the long-wave limit the growth rates are the same as for the im-
miscible case, applies to the O(m) term in the growth rate, which
is unaffected by transverse diffusion: this is sufficient to provide
an immediately unstable mode wherever Bt + B¢ > 0. There is
also a second mode of perturbation, however, in addition to the
single mode in the single-species case: in the regime B¢ > 0,
—Le Bc < Br < —Bc, this ‘lopsided’ mode is able to grow, although
the velocity perturbation is weakened and the growth inhibited
by the unfavourable thermal viscosity contrast. The growth of this

secondary mode was not predicted by any of our heuristic argu-
ments. The argument (iii), concerning the non-monotonicity of the
viscosity profile, is seen not to be relevant in this regime, while the
results for critical times suggest that argument (i) holds at large
times (but we must confirm this by a separate analysis).

5. Long-time asymptotics

The other natural asymptotic limit to investigate is that of long
time, when the front has spread considerably and — again follow-
ing [16] — we may expect perturbations to be strongly localised
so that they are in effect embedded within the front. The natu-
ral expansion variable is again m+/t, and we consider the regime
m+/t > 1, this time assuming that the parameters Le, |87| and |Sc|
are all of order unity.

Ben, Demekhin and Chang [16] develop an asymptotic repre-
sentation of Uj in this limit by assuming that, if the perturbation
to velocity U; is strongly localised about & =0 so that we need
only consider values of |&| <« m+/t, then the term e*EZdU1/d$ in
Eq. (24) may be approximated simply by dU,/d&. It is hard to jus-
tify this assumption, since the solution which they obtain decays
as eféz, in other words at the same rate as the function which
they expand about & = 0. (Their statement that m«/t >> & is for-
mally meaningless, since the boundary conditions on U; must be
applied at & = +00.) However, by taking a slightly different ap-
proach we can develop solutions in the regime m+/t > 1 directly.

We define the expansion variable M = m+/t and write Eq. (24)

as
d2u du
Gz HIOG MU = Mg, (51)
where
e_EZ/Le e_éz
f(§)=ﬂrﬁ+ﬂcf and
g = J’fTiAa)e £ 4 \/rfLeB(t) e t/le, (52)

The important point is that f(£) and g(&) are both even in & and
independent of M.
We seek solutions of the form

1 1
Ui(§) =Uw®) + — U11($)+(9< ) (53)

and substituting this into Eq. (51) we obtain at O(M?2) and O(1)
the equations

1 d2U10 dUqg
U@ =-_g¢) and a2 +f(§)?—4U11—0 (54)
giving us immediately the asymptotic solution
1 1 [d%g 1
U~ — 8 - 16M2[d$2 +f(§)—§] (w)' (55)

(Note that because of the exponential decay in f(¢) and g(&)
these solutions satisfy the boundary conditions as & — doo: this
contrasts with the situation in the small-M limit where the expan-
sions were not uniform in &.) The first term proportional to M2
is even in &, while the second term is odd. This means that when
either of the inner products (¢oU1)c or (YoUq) is taken, only the
first of these terms will contribute to the integral. Consequently,
to O(M~2), the form of f(&) is irrelevant so long as it is of or-
der unity and even in &. This explains the success of Ben et al.’s
formally invalid approximation of Eq. (24): had the asymptotic se-
ries been extended to @(M—*), or had we required odd terms in
&, then the approximation would have failed.
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Substituting in for f(&) and g(&), we have

B¢ _g? Br —£2/Le
Ur(E) ~ ————A 5 —=8B
1E)~ —5 7= ADE™ — B (De
_ 1 [BA® e
4m2t[ Jrt er -
BrB®) 2y, ﬁ_)
o—E2/Le ok
—(ﬂTﬁ +)8C—7T>
BcA®), e BrBO fsz/Le)]
x( N Ee +L€3/2\/ﬂ$e : (56)

We can now calculate asymptotic estimates for the inner products:

P MO 1]

€ 22wt Am2¢
B(t)Br 1
—1; 57
+2./1+Lem[2m2t(1+Le) ] &7
e€/tey,). = A()Bc [ 1 _1]
T 2 /1T + e/t | 2m2t(1 + Le)

B(t)Br 1

t et [4m2Let a 1]' (58)

The evolution equation becomes

d /A Enn E A

i (5)= (e e)(5) 5
dt \ B Ex1 Ep B

where the components of the matrix E are given by

sl
227t am2t |’

Eqn=-m

Br [ 1 }
Epp=— 1,
T T At Le/mt | 2m2t(1 + Le)

Exn=

Bc 1
_ -1
21 +Le¢ﬂ[2m2t(l + Le) }

Br [ 1 }
Eyy = —m?Le— -1+ ) 60)
2./27 Let 4m? Let (
As before, the eigenvalues of E, and thus the growth rates of
perturbations, are given by
1 1 1/2
Ui=§(E11+E22)i§[(EH — Eg2)% +4E12E2] 2, (61)

while the structure of the corresponding perturbations is described
by the ratio of the solute to the thermal perturbation amplitude,

B\ _Exn—En# V(En — E)? +4EEx
A)L 2E7p '

(62)

5.1. Reduction to the single-species case

It is useful to consider briefly the case fr =0, so the growth
rate is given simply by o = Eq;. Again, this has the same form as
the growth rate derived by Ben, Demekhin and Chang [16] (their
Eq. (50)), but the coefficients are slightly different, apparently be-
cause of an algebraic error in Ben et al.’s equation (49).

It is worth extracting some information from this case before
proceeding. The cut-off condition for marginal stability (assuming
that the principle of exchange of stabilities holds) is given by

ﬁC 2 ,BC

E11 =0 < m* — m® + =0
2427 t1/2 82 t3/2

(63)

This has solutions

m? = (mfjf)2

=l[ be :I:(( be )2_4 b )1/2] (64)
222 t1/2 232 t1/2 821 t3/2 '
Concerning ourselves for the moment only with the case B¢ > 0,
we may write these as

1/2
SERREy o

2 Bc
m¥)' =——|1+(1-——
(m%) 4«/2m1/2[ ( Bc t1/?
We therefore have different scalings with t for the upper and
lower boundaries of the range of unstable wavenumbers:

2 Bc

me)* ~
(m)"~ =
We conclude that the maximum unstable wavenumber scales as
m& ~ ¢~1/4 while the minimum unstable wavenumber scales as
me ~ t—l/z.

Meanwhile, the wavenumber at which the maximally unstable
perturbation occurs must be a stationary point, satisfying

1
t~12 and (mej‘)zfvl—lt’l. (66)

9En gy g P 1
dm 227t 2m3t
gl
_ st Pc -3
< m=m —27/8n1/8t . (67)

A further scaling with t is therefore involved, because the bal-
ance which determines the maximum growth rate is different from
those that determine the cut-off wavelengths.

Note that an asymptotic expansion for the single-species prob-
lem that only preserved the leading-order terms in t at any stage
would be liable to fail, for example by predicting maximum growth
rates at m = 0. In the more complicated double-diffusive problem,
where we cannot readily solve explicitly for cut-off and maximally
unstable wavenumbers, some care is therefore required.

One manifestation of this care concerns the selection of the
long-wave (small-m) cut-off wavenumber. Recall that o was de-
rived in the limit m+/t — oo. This means that the asymptotic es-
timate for m®% is valid at large times, since m%v/t ~ t!/% — oo as
t — oo; similarly the asymptotic estimate for m* is valid at large
times, since m*{/t ~ t1/8 — 0o as t — oco. However, the asymp-
totic estimate for m® is not formally valid, since m®/t = O(1)
as t — oo. We will therefore consider only those quantities the
wavenumbers of which scale with t=1/4 or t=3/8, and accept that
our expression for o will not provide a valid prediction of the
long-wave cut-off wavenumber m®.

Our strategy will be to start with the short-wave end of the
spectrum and look at features which scale as m ~ t~1/4 at large
times. We will then consider scalings with m ~ t=3/8, It is helpful
at this stage to introduce some shorthand notation: we will con-
sider regimes of behaviour in the (B¢, Br)-plane, and refer to the
quadrants by the corresponding compass points, so that for exam-
ple the SE quadrant is the region S¢ > 0, Br < 0.

5.2. Long-time asymptotics: expansion capturing t1/4 scalings

We will start by trying to develop a consistent expansion in
which the interesting values of m scale with t~1/4. We will try
to extract information about the cut-off wavenumber(s) and the
fastest-growing wavenumber, noting that if we predict a short-
or long-wave catastrophe of any kind, this suggests that we can
only obtain the relevant information from a different distinguished
limit.

Formally, we consider the limit in which t — oo while the
newly-defined quantity p = mt!/4 remains constant (i.e. of order
unity). Substituting this into (61) and expanding for large t, we
find
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(oa] 1
“+—m+0<?)’

where o1 = —apu? +b+,/(cu? —d)? +e, for

g let1 b_5T+ﬂCJL_e o le—1

2 aamle T 2

_ Br—Bcvle _ BrBc

d= , e= . (68)
427 Le 4 (Le+1)

Note that oy ~ —u? as . — oo, so large-wavenumber perturba-
tions are always decaying. Whether unstable perturbations exist
then depends on whether %(o;) > 0 for any finite w.

5.2.1. Behaviour ofoyaspu— 0

The first bit of information to extract is how oy behaves as
o — 0. (This is formally invalid, but provides a useful tool to de-
termine the behaviour of o (w) for finite w.) In this limit we have

01(0)=b++Vd? +e. (69)
We first confirm that oq(0) is always real. We may write

Pt (Bevie?
32w Le 32m Le

BrBc/Le 2(4vLle — 1 — Le)

P +e=
32w Le Le+1

(70)

By the triangle inequality we know that ﬁ% + ,Bg Le > 2|BrBc~/Lel;
a further application of the triangle inequality then shows that

2(4/Le —1—Le)

<2 forle>1, (71)
Le+1

and so we conclude that d? 4+ e > 0 and the predicted value of oy
as i — 0 is always real.

We now look at the sign of o1(0). Clearly in the NE quadrant,
where b > 0, we must have o1(0) > 0. We now look for places
where o1(0) = 0. We have

b+vVd>+e=0=b<0andb?>—d*>=e (72)
BrBc (1 Vle)

— b <0 and - — =0, 73

= 4 /le\2 Le+1 (73)

so, recalling that Le > 1 so that the contents of the round brackets
are non-zero, we see that o1(0) can change sign only where 1t =0
or Bc = 0. It remains to be determined in which quadrants o¢(0) 2
0. In the SW quadrant, the condition

BcBr BcBr
b+ 2 0. b<0 74
FvdresD b= e anlet ) (74)
vie 1 (75)
Le+1 2

Since this final condition holds for all Le > 1, we conclude that
01(0) < 0 throughout the SW quadrant.

Finally, we note that since b < 0 < Br < —+v/Lefc, the condi-
tion 01(0) =0 can be met only on the negative parts of the B¢
and Br axes, not on the upper parts. We conclude that o1(0) <0
within the SW quadrant, that o1(0) > O within the other three
quadrants, and that o1(0) =0 on the axes B¢ =0 and Bt = 0. (This
latter is unsurprising: if Bc =0 or Bt = 0 then one component
does not affect the flow, so we are free to perturb this component
by an infinitesimal advance or retreat which will then not decay
— the very basis on which we have focused our attention on the
leading-order streamwise structure of the perturbation.)

We will now examine the behaviour for @ > 0, proceeding
quadrant-by-quadrant.

5.2.2. Behaviour of o1 in the NE and SW quadrants: ScBt > 0

In these quadrants the behaviour of oq(w) is fairly easy to es-
tablish. Note that we have e > 0, so 01 € R Y > 0. We now look
for possible local maxima over . We have

dor _ —2ulay/(cp? —d)? +e —c(cp® — d)]

= (76)

du Viepu? —d? +e

One stationary point therefore occurs at i = 0, and seeking others
we have the condition

ay/ (cu? —d)2 +e=c(cu? —d). (77)

There are then no real solutions with u? < d/c; if u? > d/c then
this equation implies

(cpu? - d)z(a2 — %) = —ea® <0. (78)

Since a > ¢ > 0 for all Le > 1, we conclude that in these quadrants
the only stationary point of o1(w) occurs at @ = 0. This must then
be the global maximum for p > 0 because of the behaviour we
have already established in the large-u limit.

We conclude that in these quadrants a ‘long-wave catastrophe’
is predicted when this asymptotic limit is considered: in fact, we
will have to pursue the t~3/8 expansion to locate the maximum.
Two questions remain: is the maximal growth rate positive or neg-
ative, and is there a well-defined range of growing wavenumbers?

We deal with the maximal growth rate first. In the NE quadrant,
we have b > 0 and so 01(0) =b + +/d? + e > 0, providing a well-
defined and positive maximum growth rate. In the SW quadrant,
b <0, so Eq. (69) confirms that o1(0) < 0 and thus that every-
where in the SW quadrant all wavenumbers of perturbations are
decaying (as physical intuition would suggest).

Now we consider whether there is a well-defined range of
growing wavenumbers in the NE quadrant. The condition for ex-
change of stabilities, o1 = 0, becomes

ap?® —b =4/ (cu? —d)2 +e, and so

{(auz—b)zz(cuz—d)z—i—e if au? —b > 0,

i . (79)
no solutions exist

if au®> —b < 0.

The equation (au? — b)? = (cu? — d)? + e becomes a quadratic in
the variable 2,

4 (=Br—Le?Bc) 5 BcBr(vIe—1)?

4 = 80
H 2327 Le3/? 81 (Le 4 1) Le3/? (80)
which has solutions
/1'2 _ (Mex)Z _ (Br +L€3/2l3c)
* 42/ Le3/?
4 | Br +1e2Bc)?  Bepr(Vle —1)? 81)
U2 L2 8m(le+1)Le3/?’

Either of u& will provide exactly one real positive root for u, if
and only if (;ijé‘)z > max(0, b/a). Since o1(u) is monotonically de-
creasing, is positive for 4 = 0 and becomes negative for large wu,
there can only be exactly one root of the equation oq(u®) =0, and
this root must be = u%, since if (u®)? > b/a then (u%)% > b/a
and we would have two roots and a contradiction.

We conclude that in the NE quadrant there is a well-defined set
of unstable wavenumbers satisfying u < u%'; in other words, the
shortest unstable wavenumber satisfies m ~ 8%t =1/4.
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5.2.3. Behaviour of o1 in the NW and SE quadrants: B¢t <0

In these quadrants e < 0, so it is no longer immediately appar-
ent that o1(u) e R Vu > 0.

The condition o7 ¢ R corresponds to
(cuz—d)2+e<0<:> ¥<M2<%, (82)
where we have used the fact that e < 0 in these quadrants.

In the NW quadrant, where B¢ <0 and 81 > 0, d > 0 and so the
range of wavenumbers where o1 ¢ R includes at least some posi-
tive values of (2. (Note that from above we know that d*> +e > 0;
when d > 0 this means we can conclude that d — /—e > 0, so the
condition (82) must define a band of strictly positive values of 12.)

In the SE quadrant, where B¢ > 0 and Br <0, d < 0. Again us-
ing the result that d2 +e > 0 so |d| > «/—e, we conclude that the
condition (82) cannot be satisfied for any @? > 0; hence in this
quadrant all values of o7 are real.

The SE quadrant: ¢ > 0 and Sr < 0. We will look first at the
SE quadrant. First we will look for possible local minima and max-
ima. As before, we have
do
d_1:O<:>M:Oora (c,u2—d)2+e:c(cu2—d). (83)

i
The latter equation has no solutions if u? < d/c; however, since
d < 0 in this quadrant this criterion never comes into play, and the
sole condition required for the validity of a root is that u? > 0. So
we have

ay/ (cu? — cl)2 +e=c(cu® —d)

5 a2 d 1] —ead?
Since d < 0, the root (1%)? < 0 and this is never a valid solution.
So we have one of two situations: either (pfﬁ)z <0, and the only
stationary point of o7 is at © =0, or (/Lff)z > 0 and there is a
second stationary point at u = ,ufﬁ (which must be a local maxi-
mum because we know that o7 decays with w for large w). The
corresponding maximal growth rate is then given by

Le3/28c — 1 cBr Le
o (/’Li) — ,3 I3T _ _ /3 ,BT ] (85)
2V2nle(le—1) mde—1) Le+1
To determine where this applies, we look for the limits of the
region where (u%)? > 0. The condition x5 =0 becomes

_eaZ
tae—a=
— BE+(2Le —2vIe+2)BcPr + BELle=0. (86)

This in turn has the solutions

Br=PBr+=[-1+ x/L—e—Leﬂ:\/(—l + \/L_—Le)z —Le]Bc.  (87)

The contents of the square root sign are positive, and the contents
of the square brackets are negative, for all Le > 1; consequently
both values of gr predicted for a given Le > 1 and B¢ > 0 lie in
the SE quadrant.

The behaviour of o7 in the SE quadrant is therefore as follows.

o If B < Br_(Le, Bc) or Br > Bry(Le, Bc), then the global max-
imum occurs at u =0 and there are no local maxima; not-
ing that 01(0) > 0, the picture here is then the same as in
the NE quadrant, with a long-wave ‘catastrophe’ and a cut-off
wavenumber p = u$* for unstable perturbations.

o If Br_(Le, Bc) < Br < Br+(Le, Bc), then the stationary point at
i =0 is a local minimum, the global maximum occurs at u =
Mfﬁ > 0, and perturbations with p > ¢ are stabilised.

The NW quadrant: ¢ <0 and S8r > 0. In this quadrant, a > ¢ >
1 as before, d > 0, e <0, and b can be positive or negative. Recall
that the key feature of this quadrant is that there is a range of
wavenumbers, given by (82), in which o ¢ R. Perturbations within
this range are overdamped and may oscillate in sign while either
growing or decaying (cf. [10], §5.3.2).

We will first seek stationary points of R(oq(w)). If w is within
the range where o7 ¢ R, then 9i(o1) = —au® +b, so dR(o1)/du =
—2ap < 0. Consequently we can never find a maximally growing
perturbation with some oscillatory behaviour (unless the choice of
values of w is somehow restricted, for example by lateral bound-
aries to the flow).

If w is within the range where o7 € R, then we may pro-
ceed as before. There are stationary points at w = 0 and where
ay/(cu? —d)? 4+ e = c(cu? —d), and the condition for a solution to
be valid is now that u? > d/c > 0. Of the two solutions to this
equation, only one satisfies this condition, and it is given by

2 _ st2_g 1 —ea?
W= () =+ 2

e (88)
We must therefore consider whether this local maximum, which
occurs for higher values of p than the range defined by (82), can
ever dominate the maximum at p =0.

Substituting p = p¥f into oy, we find

_bc—ad Vv —e(@? —c?)

st = . 89
o1 (/’L+) c c ( )
Now
Le3/28~ —
bc —ad = ﬂ < 0 in this quadrant. (90)
4+/2m Le

Meanwhile, we recall that o1(0) > 0 in this quadrant, so © =0
remains the global maximum predicted by this asymptotic expan-
sion. (In reality, as usual, this means we must refer to a different
asymptotic expansion to locate the minimum.)

We now look for the cut-off wavenumber @ = p¢je at which
N(o1) = 0. The expression which determines this will depend on
whether o1 (Ucit) is real or not: if o1(eic) € R then g = u‘jﬁ‘
defined by (81) (which is valid as long as (ufﬁ‘)z > b/a); while
if o1(fterit) ¢ R then $(oq) = —au? + b and so p2; = b/a. Since
N(oq) is a continuous function and we have already shown that
there is only one root, (. must vary continuously with the pa-
rameters of the problem. This means that the boundaries of the
region where the exchange of stabilities holds are the same as
the boundaries of the region where u = u$ is a valid solution
of 1 = 0. These boundaries are given by

Br = B2, =Le[~(le+1 - vIe) =/ (Le+ 1 — vie) — Le]fc
=Lefr+ (91)

where the last stage can be checked by referring to (87).
The behaviour of o in the NW quadrant is therefore as follows.

e Everywhere in this sector the highest growth rate occurs for
u — 0, i.e. we need to consider different asymptotics to pick
out the fastest-growing wavenumber.

o If Le Br4 < Br < Le Br— then the principle of exchange of sta-
bilities does not hold: here the marginally unstable pertur-
bations become unstable through an overdamped instability,
and the cut-off wavenumber is p = M. (Note that the line
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b=0, ie. By = —+/Le B¢, lies below the boundaries of this sec-
tor.)

e If Br < Le Br+ or Br > Le Br— then the principle of exchange of
stabilities does hold, and the cut-off wavenumber is pu = u$
as before.

5.3. Long-time asymptotics: expansion capturing t3/3 scalings

The analysis in the previous section suggests that, except in a
particular sector within the SE quadrant, the scaling m ~ t~1/4 fails
to capture the maximally unstable wavenumber. Motivated by this
and by the scaling of the maximum in the single-species case, we
now consider features of o whose location scales as m ~ t—3/8,

We substitute into o the ansatz m = vt=3/% and expand for
large t, assuming v = O(1). This gives

o1y o2y

o~ S5t aa o), (92)
where
o1y = Br +/Le Bc (ﬂr - \/L_G,BC>2 Bc Bt (93)
" av2m/Le 427 \/Ie 4m (e +1)
and oy, = pv? 4 q/v?, where
_Le+1 8Le frpc] 2
p=-— [(ﬁr—fﬂc) et ]
(94)
and
_Brelelpe [ B 8Le,3r/3c] 12
6V TP Viepo)’ + 1
y [_ (Br +Lefc)* | BrBc (Le-i—l 51 + Le? —6Le)}
16+/27Le’?2 16427 Jle(le+1)2/)]
(95)

Note that o4, is independent of the wavenumber, so we immedi-
ately obtain a leading-order estimate of the maximum growth rate,
and this estimate is identical to the estimate of o (0) obtained us-
ing the m = ut~1/4 scaling, Eq. (69). Crucially, we also inherit the
result that this growth rate is real, o1, € R. The same result shows
that the contents of the square root sign in o3, are always non-
negative, so oy, is also real.

To locate the maximum, we need to consider the next-order
term, o3,. There will be a global maximum corresponding to
doyy,/dv =0 if and only if p <0 and g < 0. Some intricate but
straightforward algebra (omitted here for clarity) indicates that
q =0 only if Bc =0 or Br =0, and sampling points in the four
quadrants then confirms that ¢ > 0 in the SW quadrant (8¢ < 0,
Br < 0) and q < 0 everywhere else. Since we expect growth rates
to be negative in the SW quadrant in any case we will not worry
further about the behaviour here. Similarly, solving p =0 and sam-
pling shows that p < 0 everywhere except in the sector of the SE
quadrant bounded by the values 8 = Sr+(Bc) defined in (87). We
conclude that in the three quadrants where growth is possible, we
can locate a well-defined maximum growth rate at a wavenumber
which scales either with t=3/8 (outwith the ‘anomalous’ sector) or
with t~1/4 (within the ‘anomalous’ sector).

Outwith the SW quadrant and the ‘anomalous’ sector, then, the
maximum growth rate is therefore predicted to occur at

o 2(pg)'/?

e T pr (%)

1/4
v=21%~ (— , where 0 = opmax ~
p

Br_

[ ] Regime A
[] Regime B
[ ] Regime C
Regime D

By

Bc
Regime E
B =Bry
;fft[\ H’I'— e, T —Lf-'ﬁ(_

Fig. 2. Schematic of the stability regions in the (B¢, Br)-plane, as predicted by the
analyses using m = ut~'/4 and m = vt—3/8, The dashed lines represent the regime
boundaries in the small-m, intermediate-time regime (Section 4). See text for dis-
cussion of regimes.

5.4. Summary of long-term asymptotic behaviour

Fig. 2 summarises the findings of the asymptotic analysis pre-
sented in the previous sections. For convenience we have also
marked on the regime boundaries from Fig. 1: their position rela-
tive to the other boundaries is valid for all Le > 1, though it should
be remembered that they are strictly valid only for |B¢ 1| < 1.

The (B¢, Br) parameter space divides into seven sectors, with
five distinct regimes of long-time behaviour available.

Regime A. In this regime, the growth rates are always real and
negative: the analysis with m = ut~1/4 gives o1 < 0 Y, while the
analysis with m = vt—3/8 breaks down. Because the viscosity con-
tributions from both components are negative, in this regime more
viscous fluid is displacing less viscous fluid and there is no finger-
ing instability.

Regime B. In this regime, the growth rates are always real. There
is a cut-off wavenumber m ~ pu%t=1/4 such that all perturba-
tions with higher wavenumbers than this are stable. The maximum
growth rate is positive, and occurs at m = v*t{t—3/8_ Although there
may be a small-m stability cut-off, the asymptotic analysis pre-

sented here is not able to capture it.

Regime C. In this regime, it is possible for the growth rate to be
complex for some wavenumbers, but this does not affect either
the location of the cut-off wavenumber or the wavenumber cor-
responding to maximum growth rate; these are the same as in
regime B. All perturbations with m > u®t~1/4 decay, but the de-
cay may be oscillatory in nature. Although there may be a small-m
stability cut-off, the asymptotic analysis presented here is not able
to capture it.

Regime D. In this regime, the growth rate is always real and there
is a cut-off wavenumber m ~ u®t=1/4 such that all perturba-
tions with higher wavenumbers than this are stable. The maximum
growth rate is positive, and occurs at m ~ pu5tt~1/4, Although there
may be a small-m stability cut-off, the asymptotic analysis pre-

sented here is not able to capture it.

Regime E. In this regime, there is a cut-off wavenumber m ~
(b/a)/2t=1/4 such that all perturbations with higher wavenumbers
than this are stable; at and around this wavenumber overdamped
(oscillatory) perturbations occur. The fastest-growing perturbations
have m = vS{t—3/8 and their growth rate is real so they do not
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exhibit overdamped behaviour. Although there may be a small-m
stability cut-off, the asymptotic analysis presented here is not able
to capture it.

5.5. Discussion and interpretation

5.5.1. Structure of dominant perturbations
Substituting m = vt—3/8 into the expression for (B/A), and ex-
panding for large t, we obtain

BY _ vletl 1, _ - 2 8lefrfc
(A)+_2*2Le,37[ﬁT \/L_eﬁc+\/(ﬁr Viepc) + ’—Le+1]

+o<t%). (97)

We find that (B/A)4+ > 0 in all except the SW quadrant, so wher-
ever growing dominant modes with this scaling are possible they
are sinuous perturbations.

Substituting m = u5{t~1/4 into the expression for (B/A); and
expanding for large t, we obtain

B B 1
(3).= 5 +olam) (s8)

where we have used the fact that this expression is relevant only
in the SE quadrant where S¢ > 0 and Br < 0. We conclude that
the preferred mode of instability here is again a ‘lopsided’ sin-
uous perturbation, so the dominant perturbations everywhere in
parameter space are sinuous in this asymptotic limit. These results
agree with those of Pritchard [10], who found that in the radial
case sinuous perturbations were preferred even when the viscosity
contributions of the two components were opposed.

5.5.2. Physical interpretation of growth rates

In dimensional form each entry in the evolution matrix E has
the dimension of a growth rate (i.e. inverse time). We can write
these dimensional quantities as follows:

Bpo-fo 1 Pelo 1 peloi’
A2 2Ym kct)'/? AVT 2kcD)3?

By = 1 Brilg _ 1 ﬂrﬁoii 7

27 (ke + kp)D'V2 AYT ((Re + R1)D)3/2
Foy = 1 Bcilo _ 1 ﬁcﬁoii ’

22U (ke + kD12 AVT ((Re + kr)D)3/?
- K1 1 Brilg 1 Briigi?
Exn= B + 2/ QRDI W Qi (99)

Here A = 1/m is the wavelength of the perturbation.

To interpret these terms, we note the following points. First,
since isotropic diffusion tends to favour structures with compa-
rable length-scales in both directions, the streamwise and trans-
verse extents of an incipient finger (a localised perturbation to the
variables) are both of order A. Second, in this regime the condi-
tion m+/t > 1 means that the perturbation is embedded within
the ‘front’ region over which the viscosity changes. This means
that instead of being driven by the total viscosity contrasts ({1 —
0)/ Lo ~ Bc.r associated with each component, the perturba-
tion is exposed to a fractional contrast Aguc.r ~ Be.ra/(Re.rt)/2.
Third, the classic scaling for the growth rate associated with
the destabilising Saffman-Taylor mechanism is 6 ~ A/Lﬁo/i (cf.
Eq. (39)).

Three distinct scalings are present in the terms in Eqs. (99):
each may be interpreted as the contribution of a different physical
effect, and we will consider each in turn. (It is interesting to com-
pare the results of the heuristic analysis by Loggia et al. [22], which

also found that the effects of different mechanisms combined ad-
ditively in the long-wave limit: note, however, that Loggia et al.’s
results contained only the first and second of the three types of
term present in our analysis.)

The first terms in both E1; and E, are straightforward to inter-
pret: they represent the stabilising influences of solutal and ther-
mal diffusion respectively. We will label terms of this type

. K
Odiff X 75>

= (100)

where Kk may represent Kc, KT or some suitable combination of
these, depending on context.

The second terms in E1; and Ey» and the first terms in E1» and
E»1 all scale as
Pllo_ Alitly (101)
(kt)1/2 )
As the notation suggests, these represent the destabilising Saffman-
Taylor mechanism, adjusted to allow for the fact that the pertur-
bations are ‘embedded’ within the diffusing front.

The final terms in each of (99) have the form

65'1' X

fl())A» 1

. ﬂﬁo):z A/,L)A»
= X <.
A

6 —_— = — =
"‘“‘O((,gt)s/z ®H12 " (kb2

(102)

The first factor represents the scaled mobility gradient in the trans-
verse direction (which is related to that in the streamwise direc-

tion by a factor corresponding to the aspect ratio )AL/\/E): the
second factor is the transverse velocity obtained by continuity,
dli/ox = av/3y and hence ¥ ~iﬂo/\/ﬁ; and the third factor is
the perimeter of the finger (through which flux occurs) divided by
the area into which this flux occurs. These terms, then, represent
the transverse flow into a finger which is required because of the
variation of streamwise velocity along that finger: this brings in
less mobile fluid from the sides and tends to dilute and stabilise
the perturbation.

Equipped with these scalings, we can demonstrate how the
characteristic scales for the cut-off and favoured wavenumbers
arise. A balance between st and Gy gives

A - £3/871/4
u K A K7°t
Plo K ond thus 52~ KET (103)

(,gt)l/z 22 /31/2fl(1)/2

it is this balance that controls the scaling of the cut-off wavenum-
ber for short waves. A balance between 65t and Gyan gives

Bio  Piigh?

. . and thus A ~ (kf)!/2.
(,201/2 (I%l')3/2 (kD)

(104)

This is the scaling suggested by our analysis for the cut-off
wavenumber for long waves, but we recall that the asymptotics
are not valid in this limit. Finally, the most unstable perturbations
occur when the two destabilising mechanisms are roughly equal,
Gdiff ~ Gtran, SO

25/8§3/8

kR Bligh?
Sz
B/ U

):_2 e and thus A~

(105)

We note that this is not quite the full story: although these
scalings allow us to interpret the results of the full stability analy-
sis, they do not predict where in parameter space they can apply.
In particular, they give no indication in themselves that a region
exists in the SE quadrant where the transverse flow term is unim-
portant (because of the competing thermal and solutal gradients)
and so both the cut-off and the favoured wavenumbers are con-
trolled by a balance between diffusion and Saffman-Taylor terms,
with the characteristic t~1/4 scaling emerging as a result.
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6. Summary and conclusions

We have examined the stability to viscous fingering of a mis-
cible rectilinear displacement front in a porous medium or Hele-
Shaw cell, when the viscosity contrast across the front is con-
trolled by two components which diffuse at different rates. Both
the growth rates of instabilities and the boundaries of instability
change as the front widens and the difference between the length-
scales associated with the two components grows. At early times
and for very long waves, the two components interact strongly,
so the stabilising influence of one component may compensate for
the destabilising influence of another. At later times the front be-
comes unstable if either component is destabilising, regardless of
the other, but the interaction between the two components still
controls the growth rates and preferred wavenumber of the insta-
bility.

In the long-wave, intermediate-time regime, there is an initially
unstable region of parameter space which gradually expands into
initially stable regions. This loss of stability as the front diffuses
was also remarked upon by Manickam and Homsy [18] for single-
species diffusion with a non-monotonic viscosity-concentration re-
lation. The different roles of the slower- and faster-diffusing com-
ponents show up in this regime as an asymmetry in the criteria for
immediate instability (Fig. 1), and no simple criterion based solely
on the aggregate viscosity profile across the front is able to predict
the stability boundary accurately.

In the long-time limit, throughout the unstable region of pa-
rameter space we find that the shortest marginally unstable per-
turbations have wavenumbers that decrease as t~1/4, in agreement
with the single-species case [16]. Throughout most of parame-
ter space the most unstable perturbation occurs at a wavenum-
ber that decreases as t~3/8; there is, however, a region in which
the competing effects of the stabilising and destabilising compo-
nents produce a favoured wavenumber that decreases as t~'/4.
The difference in scalings is not large but reflects a different bal-
ance between the stabilising and destabilising mechanisms acting
on an incipient finger. Growing oscillatory perturbations are pos-
sible when the faster-diffusing component is destabilising and the
slower-diffusing is stabilising, as in the radial geometry considered
in [10], but they are always outpaced by non-oscillatory pertur-
bations at lower wavenumber. (In principle it might be possible
to observe oscillatory perturbations in a laterally confined chan-
nel, so the wavenumbers are restricted as in [10]. In this case, it
must also be borne in mind that the front will eventually be sta-
bilised as the cut-off wavelength for instability increases beyond
the width of the channel.)

The eventual fate of the displacement front is likely to depend
both on how the instability is excited and on whether or not fin-
gers are able to grow to reach the non-linear regime before either
the front stabilises or growth rates decline at long times. Never-
theless, these results may provide a useful starting point for the
consideration of the dynamics of viscous fingering, and in particu-
lar of the tendency for fingering patterns to coarsen over time as
the instability mechanism prefers longer and longer disturbances.

Of the three heuristic arguments presented in Section 1.1, none
entirely captures the fingering process. Argument (i), that if one
component promotes fingering then it can occur eventually, is valid
for long times. Argument (ii), that it should be the aggregate vis-
cosity contrast that matters, is valid at short times when the more
rapidly diffusing component is destabilising, but it fails to recog-
nise the more localised perturbations that can develop when the
more slowly diffusing component is destabilising. Argument (iii),
that the monotonicity of the viscosity profile is crucial, does not
provide a good guide to this problem.

It is also interesting to compare these findings with some pre-
vious studies of single-species fingering with a non-monotonic

viscosity—concentration relation. The earliest analysis was due to
Hickernell and Yortsos [17], who examined the stability of a step
concentration profile in the absence of any dispersive effects: their
analysis concluded that instability would occur if there was any
segment of decreasing mobility within the mobility profile. This is
essentially our heuristic criterion (iii), and as we have seen it does
not capture the behaviour of the system investigated here, either
at intermediate or at long times.

The subsequent analysis by Manickam and Homsy [18] incorpo-
rated dispersion, but employed a frozen-time approximation. They
found that in the long-wave limit the growth rate of perturbations
was

d d
d_ch|c=O+ d_l;|c=1

1
o~ =Am+ O(m3?), where A:f(
2 (m%) n(1)/pn(0) +1

), (106)

and where the @ (m3/2) correction term was time-dependent. Thus
if A > 0 the flow was always unstable at small wavenumbers,
and if A <0 the flow was initially stable at small wavenumbers
but could later become unstable: numerical simulations suggested
that all non-monotonic profiles became unstable eventually, even
if A < 0. The obvious application of this idea to our problem
with the chosen exponential dependence of u on T and C yields
A = Br + Bc, so in this case it is simply a measure of the ag-
gregate viscosity contrast (our heuristic criterion (ii)); however the
long-time numerical findings recall our heuristic criterion (iii).

Finally, a heuristic extension of Hickernell and Yortsos’s work
by Loggia et al. [22] obtained results that echoed those of [18];
however, the key parameter in their results was an integral ex-
pressing the aggregate behaviour of the mobility profile, rather
than its limiting behaviour as ¢ — 0 and ¢ — 1. In broad terms
this is consistent with our findings, in that there is no simple and
intuitive criterion that determines the stability; however there is
no obvious resemblance between the details of the present analy-
sis and that of [22].

Overall, it appears that the stability properties of double-
diffusive miscible displacement are distinct from those of non-
monotonic single-species displacement, despite the similarity of
the mobility profiles. (We note that our most successful heuristic
criterion (i) has no direct equivalent in a single-species displace-
ment.) It would be an interesting exercise to apply the asymptotic
approach employed here to the latter problem and to compare the
results with the previous studies referred to above.

In conclusion, perhaps the key lesson from the study of this
problem is that to predict the occurrence of viscous fingering
in a multi-component fluid, it is necessary to take into account
not merely how the aggregate properties of the fluid vary across
the front, but also how these properties may be subject to dif-
ferential thermal or molecular diffusion. In more mathematical
terms, it also provides a fresh illustration, complementary to those
from double-diffusive and reactive-diffusive convection [7,9], of
the complexity that is possible when instabilities with different
preferred scales occur simultaneously and are intimately linked.
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Appendix A. Iterative approach to the velocity equation for
small m

We wish to solve Eq. (29), subject to the conditions that
Ui — 0 as &€ — +o0o. Unfortunately we cannot write down a closed-
form solution to this equation; but intuitively, if |8¢c| and |Br| are
small, so that we can neglect the terms proportional to 8¢ and Sr
on the LHS of (29), we should be able to develop a series solution
in Bc. (This was proposed, although its validity was not confirmed,
in [16].)

We set Bc =bcpB and Br =brf, where |bc|+ |br]=1 and 0 <
B <« 1. We then postulate an expansion

2Bcm? AVE o

Ui) = === Zﬁ bE fn(€)
2 m2B(t f
s > ittt (A1)
and, substituting this into (29), we obtain a sequence of equations:
3 fO _ 752
222 4tm? fo=e",
8%po 5 ey
g2 ~Am’po=e /le, (A-2)
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-2 £2/Le
_ <bce . bre~ )i { fn } (A3)
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forn=1,2,....
Now, the equation
9 f
— 4 A4
) tm* f = g(&) (A4)
admits solutions
e2mVts =
=F =— —2m./tx d
fE) =F[g®)] yrvll g(x)dx
3
672171\/?5 2mfx
- x) dx, A5
o g(x) (A5)

and as long as g(&) is well-behaved as & — +o0, this solution sat-
isfies the boundary conditions f(§) — 0 as & — £o00. We therefore
have

fo®)=F[e¥’] and

B bee™s*  bre=8/eN\af,_
fn<s>—f[—< - m) - ] (A6)
forn=1,2,...,and
po(é)zf[e_szﬂe] and
_ bee=§  bre~§/1e\ ap
pn(é)—F[—( Na + ﬂ) 5 ] (A7)

forn=1,2,....

If g(&¢) is odd/even then F[g(£)] is also odd/even respectively;
this means that Uq,(¢) is even/odd when n is even/odd respec-
tively. This fact is relevant because when we take the inner product
(6*52U1>C, only the even terms in the series will contribute any-
thing.

We also have

] [o.¢]

gf [g6)] = -5 / Vg (x) dx
§
1 &
—|—Ee’2m“/fé / e2MVix g (%) dx. (A.8)
Consider the sequences of functions defined by
{gm (s)} <bceEz brefzﬂe) 9 {f[gn(é)]} (A9)
qn+1(8) NEd JrLe Flgn(®)] '

with go(6) = e~¢" and qo(6) = e ¥/, so that fu(€) = Flgn(®)]

and pp(&) = Flgn(&)]. We wish to show that these sequences are
convergent, and to do so we will proceed iteratively. We will ob-
tain a convergence criterion for g,(&¢); since the recurrence rela-
tions for g, and p, are identical, this will also be the convergence
criterion for py.

Suppose that |gn(&)| < Che~5" + Dne£°/'¢ for some constants
Cn >0 and D, >0, and for convenience define M = m+/t. We then
have

|gns1(6)]
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MZ
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+e M (erf(M — £) - 1)]. (A12)

The maximum of h(¢, M) over & occurs at & =0, and the maxi-
mum of h(0, M) over M occurs at M = 0; we conclude that

‘g (f)| < |:C (bceéz N bTeéz/Le>
n+1 X n \/— F
£ 2L
4Dy f( Cj_ +ij_ )]h(0,0) (A13)
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We can therefore define the upper bounds at the next iteration
as

b be/L
|:Cn+1i|_|:7c —Ci/—ei| [Cn]
| b b ' :
Dnt1 2«/TL? - Dn
The eigenvalues of the matrix are A =0 and A = (bc +br)/2. Thus,

substituting our upper bound into (A.1), we find that

(A15)
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We conclude that the series converges if
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2 2

where we have used the condition that |b¢| + |br| = 1.
Finally, noting that when we calculate

(e_52U1)C and (e_EZ/LeUﬁT

the odd-numbered terms in the series vanish, we conclude that
when B¢ and Br satisfy the convergence conditions (A.17), we have

2Bcm?ANE

‘ﬂbr(bc +br) Br

e n@)e =" e o))
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O((16cl + 1671)°). (A18)

In other words, for sufficiently small values of |B¢| + |Br|, the so-
lution that we obtain by neglecting the first derivatives of U; on
the LHS of (29) is accurate to second order in |B¢| =+ |Br|-
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